Abstract. In this paper, the elliptic curves theory is used for solving the Diophantine equations a(X
Introduction
Euler conjectured in 1969 that the Diophantine equation where a i , and n ≥ 3, are fixed arbitrary integers,
where n, α i ∈ N, and T i , are appropriate fixed arbitrary rational numbers, and, In this paper, we are interested in the study of the Diophantine equation:
where n, m ∈ N ∪ {0}, and, a, b = 0, a i , b i , are fixed arbitrary rational numbers.
our main theorem
Our main result is the following:
Main Theorem 2.1. Consider the Diophantine equation (1.4). Let Y 2 = X 3 + F X 2 + GX + H, be an elliptic curve in which the coefficients F , G, and H, are all functions of a, b, a i , b i and the other rational parameters α i , β i , t, x 1 , v, yet to be found later. If the elliptic curve has positive rank, depending on the values of α i , β i , x 1 , (This is done by choosing appropriate arbitrary values for α i (0 ≤ i ≤ n), β i (0 ≤ i ≤ m), x 1 ), the Diophantine equation has infinitely many integer solutions.
Proof. We solve the Diophantine equation (1.4), if we find rational solutions for the above Diophantine equation, then by canceling the denominators of X 
is a rational solution for the Diophantine equation (1.1), then for every arbitrary rational number µ,
is a solution for (1.1), too.
Let:
where all variables are rational numbers. By substituting these variables in the above Diophantine equation, we get:
Then after some simplifications and clearing the case of t = 0, we obtain:
Now by choosing appropriate arbitrary values for
, such that the rank of the quartic elliptic curve (1.4) to be positive, and by calculating X
some simplifications and canceling the denominators of 
Then we solve the cubic elliptic curve just obtained of the rank≥ 1, and get infinitely many solutions for the Diophantine equation (1.4).
Generally, it is not necessary for Q to be square as we may transform the quartic (2.2) to a new quartic in which the constant number is square if the rank of the quartic (2.2) is positive. The only important thing is that the rank of the quartic elliptic curve (2.2), be positive for getting infinitely many solutions for (1.4). See the example 1.
Lemma 2.2. Let K be a field of characteristic not equal to 2. Consider the equation
Then y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 .
The inverse transformation is u =
Remark 2.3. If in the Diophantine equation (1.4), n, m to be odd,
), we may by second beautiful method transform the Diophantine equation (1.4) to another quaratic elliptic curve and then solve it for getting infinitely many nontrivial solutions for the Diophantine equation.
Now we have
Then (after renaming the coffecients, the number of terms, and the variables) the above Diophantine equation (or (1.4) ) is in the form
3 ).
By substituting these variables in the above Diophantine equation, we get:
Then after some simplifications and clearing the case of t = 0, and letting y 0 = v, we obtain:
Now by choosing appropriate values for
such that the rank of the quartic elliptic curve (2.6) to be positive, we obtain infinitely many solutions for the Diophantine equation (1.4). The proof of the theorem is complete.
Application to Examples
Now we are going to solve some couple of examples:
3.1. Example: X i.e., the sum of 3 fifth powers can be written as the sum of 3 cubics.
Then we get:
Note that (
1 , is not a square. Then we may not use from the above theorem for transforming the above quartic to a cubic elliptic curve, but we do this work by another beautiful method. Let us take x 1 = 1, α = β = 2. Then the quartic (3.1) becomes
By searching, we see that the above quartic has two rational points P 1 = (1, 3), and P 2 = (7, 117), among others. Let us put T = t − 1. Then we get The rank of this elliptic curve is 2 and its generator are the points
), and
).
To square the left hand of (3.6), let us put M = Y + 13 3 X + 68. Then the cubic elliptic curve (3.6) transforms to the Weierstrass form
The generators for this new cubic elliptic curve are the two points ). Thus we conclude that we could transform the main quartic (3.2) to the cubic elliptic curve (3.7) of rank equal to 2.
Because of this, the above cubic elliptic curve has infinitely many rational points and we may obtain infinitely many solutions for the Diophantine equation too.
), we get (t, v) = (7, −117), that is on the (3.2), by calculating X i , Y i , from the above relations and after some simplifications and canceling the denominators of X i , Y i , we obtain a solution for the Diophantine equation ), on the (3.2), by calculating X i , Y i , from the above relations and after some simplifications and canceling the denominators of X i , Y i , we obtain another solution for the Diophantine equation as
By choosing the other points on the elliptic curve such as nG 1 , nG 2 (n = 3, 4, · · · ) we obtain infinitely many solutions for the Diophantine equation. Let:
(3.
Note that for every arbitrary rational number x 1 , (
)x 4 1 , is a square, then by using the above theorem, we may transform the above quartic to a cubic elliptic curve. Now, we must choose appropriate value for x 1 , such that the rank of the above quartic to bo positive. Let x 1 = 1.
Then the quartic (3.8) becomes With the inverse transformation ). Because of this, the above elliptic curve has infinitely many rational points and we may obtain infinitely many solutions for the Diophantine equation too. Since P = (X, Y ) = ( By letting,
we get:
We see that if (3.14) ( 5nx
to be a square, say q 2 , then we may transform the above quartic to a cubic elliptic curve. For every arbitrary values of n, m, this is done by choosing appropriate values of x 1 , x 2 , y 2 . nP 1 , nP 2 (n = 2, 3, · · · ) we obtain infinitely many solutions for the Diophantine equation.
By taking m = 17, n = 3, in the (3.13), we may choose appropriate values x 1 = 1, x 2 = 2, y 2 = 1, (q = 2). The rank of this elliptic curve is 1 and its generator is the point P = (X, Y ) = (4,
17
). Because of this, the above elliptic curve has infinitely many rational points and we may obtain infinitely many solutions for the Diophantine equation too. Since P = (X, Y ) = (4, 160 17
), we get (t, v) = ( By choosing the other points on the elliptic curve such as nP (n = 2, 3, · · · ) we obtain infinitely many solutions for the Diophantine equation.
